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ABSTRACT. A Kahler-Nijenhuis manifold is a Kahler manifold M , with met- 
ric <?, complex structure J and Kahler form Q, endowed with a Nijenhuis tensor 
field A that is compatible with the Poisson structure defined by in the sense of 
the theory of Poisson-Nijenhuis structures. If this happens, and if A J = ±JA, 
M is foliated by imA into non degenerate Kahler-Nijenhuis submanifolds. If A 
is a non degenerate (1, l)-tensor field on M, (M,g, J, A) is a Kahler-Nijenhuis 
manifold iff one of the following two properties holds: 1) A is associated with 
a symplectic structure of M that defines a Poisson structure compatible with 
the Poisson structure defined by f£; 2) A and A -1 are associated with closed 2- 
forms. On a Kahler-Nijenhuis manifold, if A is non degenerate and AJ — — J A, 
A must be a parallel tensor field. 



1 Definition and basic formulas 

A Kahler manifold is a particular case of a symplectic 2n-dimensional mani- 
fold (M, Q) with a symplectic form defined as 

(1) Q(X,Y) = g(JX,Y) (X, Y e YTM) , 

where T denotes the space of global cross sections, J is a complex structure 
on M, and g is a Hermitian metric on (M, J) [I]. Accordingly, on M one has 
the Poisson bivector field II defined by the Poisson brackets computed with 
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the symplectic form £7. The aim of this note is to discuss Nijenhuis tensor 
fields A that are compatible with II in the sense of the theory of Poisson- 
Nijenhuis manifolds El El • If this happens, the quadruple (M, g, J, A) 
will be called a Kdhler- Nijenhuis manifold, and A G T End(TM) will be a 
Kahler- compatible Nijenhuis (K.c.N.) tensor field. The interest in Poisson- 
Nijenhuis structures comes from their usefulness in the search of first integrals 
of hamiltonian dynamical systems [0] . 

In what follows, we will use musical morphisms defined by formulas of 
the type 



where II may be any 2-contravariant and f2 any 2-covariant tensor field. In 
particular, ((H) is equivalent with \) g o J = bn, and we have On ° \>n = —Id and 



Known results on Poisson-Nijenhuis structures [HUH] tell that, on any sym- 
plectic manifold (M, O), the tensor field A e TEnd(TM) defines a Poisson- 
Nijenhuis structure on M iff A = On ° t>e, where is a closed, differential 
2-form such that one of the following properties holds: 
1) A is a Nijenhuis tensor field i.e., 



(4) Nij A (X, Y) = [AX, AY] - A[X, AY] - A[AX, Y] + A 2 [X, Y] = 0; 



(2) 



/?(ijna) = 1%,/?), (\> n X)(Y) = Q(X,Y) 



n = fcfi = tt fl fi (tJ^b, 1 ) i.e., 



(3) 



2) (tn@ is a Poisson bivector field, i.e., 



(5) 



[ttne,tt n e] = o, 



where [ , ] is the Schouten- Nijenhuis bracket jjj; 
3) is a complementary 2-form of II i.e. [5], 



(6) 



{0,0} = O, 



where { , } is the Koszul bracket jjj; 
4) the 2-form defined by 



(7) 



t>e = b e o n o b e 



is closed. 
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Thus, if we add the request that M is a Kahler manifold, the above 
conditions characterize K.c.N. tensor fields. Furthermore, a Kahler-Nijenhuis 
structure is also defined by the closed form G with the properties l)-4). We 
will say that is the associated K.c.N. form of A, which, in turn, is associated 
with 0. Notice that 

(8) Q(X, Y) = -Sl(AX, Y) = -tt(X, AY) 
(use the skew symmetry of 0), and 

(9) Q(X,Y) = -Q(AX,AY). 

In the rest of the paper, all the encountered (1, l)-tensor fields A are supposed 
to satisfy the second equality (jHJ), called the Q- skew- symmetry of A. Q-skew- 
symmetry ensures that A = JJn ° be, where is a 2-form. 

If (x l ) (i = 1, ...,2n) are local coordinates on M, characteristic property 
2) becomes (jjj, Proposition 1.5) 

(10) ^ w ©mV„e ife i J2 A^v u e jk = o, 

Cycl(i,j,k) Cycl(iJ,fc) 

where V is the Levi-Civita connection of g, and we use the Einstein sum- 
mation convention. Thus, the f2-skew-symmetric tensor field A is K.c.N. iff 



(11) (Vxe)(Y-,Z) = 0, (Vax©)(F,Z) = 0, 

Cycl(X,Y,Z) Cycl(X,y,Z) 

VX, Y, Z G TTM, where the first condition is equivalent to d<3 = and the 
second condition is the coordinate-free equivalent of (J 10)) . Notice also that, 
in view of (jHJ), conditions (fTTj) are equivalent to 

(12) n[(V x A)0O,Z\ = 0, Yl m^AxA)(Y),Z} = 0, 

Cycl(X,Y,Z) Cycl(X,Y,Z) 

respectively, and the f2-skew-symmetric tensor field A is K.c.N. iff it satisfies 

On the other hand, characteristic property 3) has the interesting equiva- 
lent form E] 

(13) 5 C {Q A 0) = 2{5 C Q) A 0, 
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where 5 is the Riemannian codifferential, and S c = Co 5 o C, with C defined 
by the action of J on the arguments of a form (e.g., [2]). 

On a Kahler manifold, it is natural to consider the following particular 
cases. We will say that a tensor field A 6 TEnd(TM) is complex- compatible 
(c.c.) if AoJ = Jo A, and is skew- complex- compatible (s.c.c.) if AoJ = — Jo A. 
Furthermore, if A = ftn ° t>e where is a 2-form, A is c.c. iff is of the 
complex type (1, 1) and A is s.c.c. iff has components of the complex type 
(2, 0) and (0, 2) only. This means that 0( JX, JY) = ±&(X, Y), respectively, 
and, if we denote by 

(14) V = ~{Id® Id+ J ® J), V = \{Id® Id- J ® J) 

the projectors of 2-covariant tensors onto their components of complex type 
(1, 1) and [(2,0) + (0,2)] (each factor of the tensor product acts on the cor- 
responding argument), such forms may be written as 

(15) & = VE, Q = VE, 

respectively, where H is an arbitrary 2-form on M. In both cases, we are 
speaking of a real form 0, and we will say that is c.c, in the first case, 
and s.c.c, in the second case. 

In these two cases, the conditions that ensure the K.c.N. property may 
be written under specific forms. Let us denote 

Ea(X,Y) = (VxA)(r), F A (X,Y) = (V AX A)(Y), 

(16) 

B A = alt{E A ), C A = alt(F A ), 
where alt is the skew-symmetric part of a tensor. Then, we get 
Proposition 1.1 1. The Q- skew- symmetric, c.c. tensor field A is K.c.N. 

if! 

(17) VB A = 0, VC A = 0. 

2. The Q- skew- symmetric, s.c.c. tensor field A is K.c.N. iff' conditions (|12j) 
hold VX, Y, Z G TT C M (T C M = TM ® C) that are of the complex type (1,0), 
and 

(18) VE A = 0, VF A = 0. 
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Proof. If A is c.c. the extension of A to T C M preserves the complex type 
and, since VJ = 0, the same holds for the operators VxA G TT C M. 
Now, using the fact that fl has the complex type (1, 1), we see that conditions 
(fE?j) are identically satisfied if X, Y, Z are of the same complex type. Fur- 
thermore, from the fi-skew-symmetry of A it follows easily that, \/X G TTM, 
the tensor field Vx^4 is also f2-skew-symmetric. This implies that, for two 
arguments, say X, Y, of the same complex type (e.g., (1, 0)) and the third, Z, 
of opposite type ((0, 1)), is equivalent to B A (X, Y) = 0, C A (X, Y) = 0. 
This happens iff f|17|) holds. 

Similarly, if A is s.c.c, A and VjA change the complex type of the vectors 
from (1,0) to (0,1) and conversely. This implies that, for two arguments 
of the same type and the third of the opposite type, (fT2|) is equivalent to 
E A (X, Y) = 0,Fa(X, Y) = whenever X, Y have opposite complex types. 
This is the same thing as conditions (JTHJ). Of course, we must still ask (pH2j) 
to hold for three arguments of the same complex type. Q.e.d. 

Notice also that in the c.c. and s.c.c. cases (fH?j) becomes 

(19) <5(0AO)-2(5O)AO = O. 

We end this section by a number of examples. 

Example 1.1 Any parallel 2- form of a Kahler manifold is a K.c.N. form. 
In particular, if a Kahler manifold has a parallel Ricci tensor field, the Ricci 
form is a c.c. form that defines a Kahler-Nijenhuis structure. 

Example 1.2 Let M be a hyper-Kahler manifold with the metric g, the 
parallel complex structures ( Ji, J2, J3) that satisfy the quaternionic identities, 
and the respective Kahler forms Q\, f^, ^3. Then, the tensors J2, J3 are s.c.c, 
K.c.N. tensor fields on the Kahler manifold (M, g, J\, Qi). The corresponding 
K.c.N. forms are the Kahler forms —^3,^2, which are parallel forms pQ. 

Example 1.3 On a compact Hermitian symmetric space, any real closed 
2-form which has no (1, l)-component is a K.c.N. form. Indeed, d<d = 
implies that the (2, 0)-component of is holomorphic hence, harmonic (e.g., 
[2]). Therefore, is harmonic, and, because the manifold is a compact 
Hermitian symmetric space, A is harmonic too (e.g., [S]). Thus, 
satisfies condition (fT9^) . Moreover, since is s.c.c, by a result that will be 
proven at the end of this paper, is a parallel form. 
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Example 1.4 On a compact Hermitian symmetric space any real, harmonic 
(1, l)-form B is a c.c, K.c.N. form. (Use again the final argument of Example 

op. 

Example 1.5 On M = C n , with the flat Kahler metric and the natural 
complex coordinates (z a ), the (1, l)-form = z 1 dz 1 A dz 2 is closed and 
satisfies condition Hence, O is a c.c, K.c.N. form. It is easy to check 

that O is not a parallel form. 



2 Geometric Properties 

Let (M, g, J, A) be a Kahler-Nijenhuis manifold. The basic geometric ob- 
ject that we detect beyond the usual Kahlerian objects is the differentiable, 
generalized distribution A = imA It is well known that this distribution is 
completely integrable. For the record, we write down a straightforward proof 
below. 

Proposition 2.1 If A is a Nijenhuis tensor field (i.e., (@J) holds), the gen- 
eralized distribution A = imA is completely integrable. 

Proof. Condition (j^J) shows that A is an involutive distribution. Hence, inte- 
grability will follow from the Sussmann-Stefan-Frobenius theorem (e.g., [7j) if 
we prove that A is invariant i.e., VX, Y G TTM one has [exp(tAX)]^( J 4y) G 
A, Vt G R such that exp(tAX) exists. 

Denote A x (t) = [exp(tAX)]^(A exp ^ tAX )( x )) (x G M). Then, 

dA if] 1 

(20) = lim-{[exp((t + s)AX)UA exp[-(t+s)AX](x) ) 

-[exp(tAX')]»(i4 ei p(_tAx-)(*))} = [L A xA(t)] x , 

where L denotes the Lie derivative. 

The required invariance of A will be a consequence of the local existence 
of a (1, l)-tensor field C(t) such that A(t) = A o C(t). If C(t) exists, (JUJ) 
implies 

dC 

A o — = L AX (A o C) = (L A x A) oC + Ao L AX C 
11 

= A o L X A oC + Ao L AX C. 
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Therefore, if C(t) satisfies 



(21) 



dC 
~dt 



(L X A) o C - L AX C = 0, C(0) = Id, 



Vx G M, A(t) and AoC(t) satisfy the same differential equation (f2T)|) and the 
same initial condition, and must be equal. Since (|2T|) has a local solution, 
we are done. Q.e.d. 

Thus, through every point x G M one has a characteristic leaf, the maxi- 
mal integral submanifold of the generalized distribution A, which we denote 
by C = C x , immersed in M by i = lc '■ £ ^ M. 

Proposition 2.2 Let (M, g, J, A) be a c.c. or s.c.c. Kahler-Nijenhuis man- 
ifold. Then, each characteristic leaf £ inherits an induced structure of a non 
degenerate Kahler-Nijenhuis manifold with the normal bundle JC\c, where 
JC = ker A = kerB. Furthermore, if the structure A is regular, the decom- 
position TM = A © fC is a complex analytic, orthogonal, locally product 
structure on M. 

Proof. In the case of a c.c. or s.c.c. tensor field A, the distribution A is 
J-invariant, and the characteristic leaves £ are Kahler submanifolds of M. 
Then, MX, Y G TTM, we have 



(22) g(AX, Y) = -Q(JAX, Y) = ^Q(AJX, Y) = ^0(Y, JX), 



and we see that Y G /C = ker iff Y _L A. Therefore, the normal bundle 
of C is K\jc- Since A = (j n o be and jj n is an isomorphism, we also have 
ker A = kerB. 

The field of planes /C, which, by the above result, is J-invariant, is not 
a differentiable distribution since its dimension is not lower semi-continuous. 
Differentiability occurs iff the c.c. or s.c.c. Nijenhuis tensor A (and the 
corresponding form 0) is regular i.e., of a constant rank. Then, as it is well 
known, dQ = implies that /C is involutive, and the decomposition TM = 
A® JC defines a complex analytic, orthogonal, locally product structure on 



Of course, the distribution A also is invariant by A hence, A\c is a (1, 1)- 
tensor field on C. Moreover A\c is a Nijenhuis tensor, since the Lie brackets 
of condition (jlj are t-compatible. In the c.c. and s.c.c. cases A\c has zero 
kernel because ker A _L TC. Hence, A\c is non degenerate, and so is the 



,1, 



(8i 



M. 
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associated form 0£. Furthermore, formula (JSJ) shows that G>£ = l*0, and 
property 1) of the K.c.N. structures shows that A\c is a K.c.N. tensor field. 
Q.e.d. 

If the Nijenhuis tensor A is non degenerate, the manifold M itself is 
the only characteristic leaf. Furthermore, if (M,g, J, A) is a non degenerate 
Kahler- Nijenhuis manifold the corresponding K.c.N. form G is a symplectic 
form and the Poisson brackets of the latter define a Poisson bivector field 

Proposition 2.3 Let A be a Q- skew- symmetric, non degenerate (1, 1) -tensor 
field on M. Then: 1. A is K.c.N. iff it is associated with a closed 2-form 
and the Poisson structures defined by fl, are compatible i.e., [11,^] = 0. 
2. A is K.c.N. iff both A and A~ l are associated with closed 2-forms. 

Proof. For 1, by a result proven in jB] (see also [Hj), the compatibility 
condition [IT, \&] = implies the fact that A is K.c.N. Conversely, from A = 
jjn o b e we get 

(23) h = A- 1 o || n . 

Hence the Poisson structure ^ belongs to the enlarged Poisson hierarchy of 
the Poisson-Nijenhuis structure (IT, A), and the required compatibility follows 
from the properties of the Poisson hierarchy (e.g., jH]). 

For 2, again, the theorem of the Poisson hierarchy tells us that if A is 
K.c.N. then A -1 is K.c.N. too. Hence, if we write A~ l = Jtn ° b© r , ©' must be 
closed. Conversely, assume that and O' are closed. From (J23|) . we get 

(24) b ' = \>n ° ft* ° bn, 

therefore, by property 4) of the K.c.N. structures (see Section 1), (\l/,yl _1 ) 
is a Poisson-Nijenhuis structure, and n belongs to the Poisson hierarchy 
of the former. Therefore, IT] = and, by part 1 of the proposition, 
we are done. (In fact, since is a symplectic form, and in view of (|23|) . 
(ty,A~ l ) is a Poisson-Nijenhuis structure iff the Poisson bivector fields \l/,n 
are compatible.) Q.e.d. 

Remark 2.1 In the c.c. case, conclusion 2 of Proposition 12.31 follows imme- 
diately from the first part of Proposition ll.il Indeed, we can use V(Ao 7 4 _1 ) = 
to derive 

(25) C A (X,Y) — A(B A -i(AX,AY)), 
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and conclude as required from (|17|) . We also notice the formula 



(26) 



-A' 1 



(Nij A (X,Y)) = 2[B A -i(AX, AY) + B A (X,Y)]. 



Corollary 2.1 Let A e End(TM) define a c.c., orthogonal, almost product 
structure on M. Then, the tensor field A is associated with a (1, l)-form 0, 
and A is K.c.N. iff is closed 

Proof. The orthogonality of the structure means g(AX, AY) = g(X,Y), 
and it implies that Q(X,Y) = — Q(AX, Y) is skew symmetric. Thus, O is 
the required 2-form. Furthermore, A^ 1 = A, and the result follows from part 
2 of Proposition I2~31 Q.e.d. 

In particular, if 9 of Corollary 12.11 is closed Nij A = and the almost 
product structure A is integrable. 

We finish by showing that for the non degenerate, s.c.c. tensor fields the 
K.c.N. condition is very restrictive. 

Proposition 2.4 A non degenerate, Q- skew- symmetric, s.c.c. tensor field 
A e r End(TM) is K.c.N. iff A is parallel. 

Proof. The quickest way to conclude is by a local computation. Consider 
local, complex analytic coordinates (z a ) (a = l,...,n) on M. The s.c.c. 
property of A means that the only possibly non-zero components of A are 
(A^, A^), and has no component of the complex type (1, 1). Since dQ = 0, 
the complex (2, 0)-component of is holomorphic. Accordingly, condition 
(fTU|) becomes 



and if A is non degenerate we get V Q M j, = 0. Q.e.d. 

Remark 2.2 Except for Proposition 12.21 the results of this note also hold 
for pseudo-Kahler manifolds i.e., where the metric g is non degenerate but it 
may not be positive definite. 
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